Abstract. We consider Riemannian metrics on the n-sphere for n ≥ 3 such that the distance between any pair of antipodal points is bounded below by 1. We show that the volume can be arbitrarily small. This is in contrast to the 2-dimensional case where Berger has shown that Area ≥ 1/2.
In 1977 Berger [B77] considered the set of Riemannian metrics g on the n-sphere such that d(x, A(x)) ≥ 1 and defined the constants:
We will also considerh(n) ≡ inf {V ol(g)|A * g = g}. Where you can think of A as the standard antipodal map or simply set A to be any fixed point free diffeomorphism of S n with A 2 = Id. One of Berger's reasons for his interest in these invariants was their use in getting lower bounds on the volume of balls B(p, R) in a complete Riemannian manifold with R less than half the injectivity radius inj(M ). In this case all geodesics in the ball minimize distance. Hence for all r ≤ R the distance in B(p, R) between antipodal points of S(p, r) = ∂B(p, r) is 2r; and thus the intrinsic distance in S(p, r) is even larger. So we see V ol (S(p, r) 
Berger noted that h(1) = 2 and proved h(2) ≥ This question and some history surrounding it was also discussed in section 6 of [CK03] . In particular, Ivanov (see [I98] As mentioned above, Berger [B77] gave non-sharp lower bounds for n = 2 and n = 3. The author gave nonsharp lower bounds in all dimensions in [Cr80] and showed that b) was true for the "average" ball (i.e.
, where equality holds if and only if M is isometric to the round sphere.
As to the question of the exact value of h(2) we have the following interesting , while Gromov's theorem [Gr83] gives us nonsharp positive lower bounds forh(n) for all n. The question as to the actual values ofh(n) for n ≥ 3 is a hard and very interesting one.
One other place where this notion came up is in [Cr02] . There it is shown that for a Riemannian metric on a 3-sphere with d We now construct the examples on the 3-sphere. We will let M B be the neighborhood in the flat plane R 2 of a tripod (three unit length line segments from the origin making angles 2π 3 with each other). As goes to 0 the area goes to 0 while the length of the boundary goes to 6. This has been known for a while as an example of a metric on a 2-disc whose area goes to 0 but such that on the boundary antipodal points satisfy
Here A (p) is the point half way around the boundary. (Note that the non convexity of M B is not the point here since one could use equilateral triangles in a more and more negatively curved simply connected space form.)
Our examples are just M
, which as the boundary of a 4-ball is a 3-sphere.
We need to define the antipodal mapĀ on M . 
This completes the proof of the theorem in the 3 dimensional case after smoothing the metric andĀ . The higher dimensional cases are handled by spherical suspension. Specifically given a metric g on the n sphere S n we construct a (singular) warped product metric g = cos 
V ol(g).
So spherically suspending (and smoothing) a sequence of examples that shows h(n) = 0 gives us a sequence showing that h(n + 1) = 0.
